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LINK GROUPS

By JouN MILNOR
(Received March 3, 1952)
(Revised October 16, 1953)

1. Summary

By a link homotopy is meant a deformation of one link onto another, during
which each component of the link is allowed to cross itself, but such that no
two components are allowed to intersect. The purpose of this paper is to study
links under the relation of homotopy. The fundamental tool in this study will
be the link group. The link group of a link is a factor group of the fundamental
group of its complement, which is invariant under homotopy.

To each conjugate class of elements in the link group of a link with n com-
ponents there corresponds a link with » 4+ 1 components which is defined up
to homotopy. A study of this group therefore, not only gives a method for dis-
tinguishing between links which are not homotopic, but also gives a procedure
for obtaining a (possibly redundant) list of all homotopy classes of links with a
given number of components. By means of the link group, an effective procedure
is given for deciding whether or not a given link is trivial—that is homotopic
to a collection of ‘“unlinked” circles. A complete homotopy classification is
given for links with three components in euclidean space, and for links such
that every proper sublink is trivial.

I am indebted to R. H. Fox for assistance in the preparation of this paper.

2. The basic theorems

Let M be an open 3-dimensional manifold which possesses a regular triangula-
tion. Let C be a circle. By an n-link L will be meant an ordered collec-
tion (I, --- , l,) of maps l;: C — M, where the images [;(C), - - - , 1.(C) are to
be disjoint. A link will be called proper if the maps i, --- , l. are all homeo-
morphisms.

Two links L and L’ will be called homotopic if there exist homotopies h;,
between the maps I; and the maps I; so that the sets hi(C), -+ , hnt(C) are
disjoint for each value of . Clearly the relation of homotopy is reflexive, sym-
metric and transitive.

Denote the image I;(C) u --- u 1.(C) of a link L by | L | . For each proper
link L let G(L) denote the fundamental group of the complement M — | L | .
Let L' = (L4, -+ ,lic1, lisa, -+ , 1) denote the (n — 1)-sublink obtained by
removing the ¢** component. To each such sublink there corresponds a natural
inclusion homomorphism G(L) — G(L"). Denote the kernel of this homomorphism
by Ai(L), and denote the commutator subgroup of A; by [4.]. Since the [4,]
are normal subgroups of G(L), their product £ = [44][4.] --- [A.] is also a
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178 JOHN MILNOR

normal subgroup. By the link group G(L) will be meant the factor group'
G(L)/E(L).

For example for a link with one component the subgroup £ of G is just the
commutator subgroup [A] of the kernel of the natural homomorphism of @ into
the fundamental group of M. Thus in this case ¢ = G/E = G/[Al

(REmARK. The following alternative definition of the link group is more intui-
tive, although less practical for computation. Consider the set of all closed loops

in M — | L | with base point z,. A multiplication between loops is defined in
the usual manner. Define two loops f and g to be equivalent, if the (n 4+ 1)-link
(L, -, 1., fg") is homotopic to a link (I3, - - -, I, , ), for which the last com-

ponent consists of a single point. The equivalence classes of loops now build a
group. It will follow from Corollary 1 to Theorem 3 that this group is isomorphic
to G).

For the proof that G is invariant under homotopy, three lemmas will be needed.
A homeomorphism of a one-dimensional complex C into M will be called polygonal
if, for some subdivision of C, each simplex is mapped linearly into a simplex of M.

LEmMmA 1. Any map f of a one-dimensional complex C into M can be approxi-
mated arbitrarily closely by a polygonal homeomorphism of C into M, which is
homotoprc to f.

Thus in particular, every link can be approximated arbitrarily closely by a
proper link. The proof is easily given.

The next lemma is closely related to the Lefschetz duality theorem, and is
proved in the same manner.

LemMA 2. Let U be an orientable n-dimensional manifold which possesses a
regular triangulation; and let U <« denote the one point compactification of U.
Let X be a subcomplex of U, and let V be any closed subset which is disjoint from X.
Then the singular homology group H.(U — V, X) s naturally isomorphic to the
Cech-Dowker cohomology group H" (U — X « o, V _ ).

Let K denote an arbitrarily fine simplicial complex for U and let K* denote
the dual cell complex. Let V' be the smallest subcomplex of K* which contains
V, and let V” be the open star neighborhood of ¥V’ with respect to K. Let X’ be
the open star neighborhood of X with respect to K*. By a standard com-
binatorial argument it follows that H. (U — V”, X) is isomorphic to
H"7(U — X' « «, V' < «). Furthermore the pair (U — X’ « », V' _ «)
is a deformation retract of (U — X © o, V' _ «).

Now pass to the limit, as the mesh of the complex K becomes arbitrarily fine.
Since the neighborhoods V” converge to the closed set V, it follows that the
singular group H.(U — V, X) is the direct limit of the groups H,(U — V”, X).
Thus in order to complete the proof it is only necessary to show that
H"(U — X o «,V o ) is the direct limit of the corresponding groups for
the neighborhoods V’. Since the V' _ o« are compact spaces with intersection
V < w, the Cech group H*(V  «) is the direct limit of the groups H*(V’ « ).

1 For the case n = 1, this factor group has been studied by R. H. Fox (see [2] in bibliog-
raphy).
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Now using the exact cohomology sequences of the pairs (U — X « «,V o )
and (U — X © o, V' o ), it follows that H* (U — X © «©,V _ «) is
the direct limit of the groups H" (U — X o o, V' _ «); which completes
the proof.

LemmA 3. Let Y and Z be topological spaces, and let hy and hy be homeomorphisms
of Y into Z. A homotopy between hy and hi induces an tsomorphism between
H'(Z, h(Y)) and H'(Z, m(Y)).

The proof will be valid for any cohomology theory. Let @ and @ denote the
mapping cylinders of h, and h; . A natural isomorphism between H'(Z, h(Y))
and H'(Q;, Y) will be constructed for 7 = 0, 1. Since a homotopy between ho
and h; induces a homotopy equivalence between the pairs (@, Y) and (@, Y),
this will complete the proof.

The mapping cylinder Q; is defined as the identification space of ¥ X [0,1] < Z
in which (y, 1) is identified with h;(y) for each y ¢ Y. The spaces Y (= Y X [0])
and Z can be considered as subspaces of @; . Let P; denote the image of ¥ X [0, 1]
in @; . The inclusion map (Z, h,(Y)) — (Q:, P;) is clearly a homotopy equiv-
alence. Since h; is a homeomorphism, the inclusion map ¥ — P; is also a homotopy
equivalence. Using the exact sequences of the pairs (Q;, Y) and (Q;, P;) it
follows that the inclusion map (Q., Y) — (Q., P.) induces isomorphisms of the
cohomology groups. The maps (Z, h(Y)) — (Q:, P;) < (Q:, Y) now induce
the required isomorphism between H'(Z, h;(Y)) and H'(Q; , Y); which completes
the proof.

TueorEM 1. If two proper links are homotopic, then their link groups are iso-
morphic.

It will be assumed that there is a fixed base point x, in M which is not on the
path of the homotopy. Clearly any given homotopy can be approximated by
one which permits such a point x .

Case 1. Links with one component.

For a link L with one component, the subgroup A /[A] of the link group G/[4]
may be described as follows. Let U denote the universal covering space of M,
and let V denote the inverse image of | L | in U. Then U — V is a covering
space of M — | L |, and its fundamental group equals the subgroup A of the
fundamental group G of M — | L |. Therefore the abelianized group A/[A] is
isomorphic to the singular homology group H;(U — V) with integer coefficients.

The full link group G/[A] may be described by a modification of this procedure.
Let X denote the inverse image of x, in U, and let x; denote a base point in X.
We will next define a homomorphism % of G onto a certain group associated
with the singular homology group H.(U — V, X). Each element g of G is repre-
sented by a closed loop in M — | L | with base point z, . Such a loop is covered
by a path in U — V which starts at 2, and ends at some point z of X. This
path represents an element 5(g) of H/(U — V, X).

The image 7(G) clearly consists of all elements A of H;(U — V, X) such that
the boundary of A in Hy(X) has the form  — z;. A group operation in 7(@) is
defined as follows. To each A; with d\; = x; — x there corresponds a unique
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covering transformation ¢, of U — V over M — L which carried zo into ;.
Define the product of two such elements by

AAzs = A+ d1(he).

Under this group operation the map n becomes a homomorphism, and it is
easily verified that the kernel of 7 is [A]. Note that the group of all covering
transformations ¢ is just the fundamental group F of M. Thus % defines an
isomorphism of the link group G/[A] onto a certain group (@) which is defined
in terms of H,(U — V, X), together with the boundary homomorphism
H(U — V, X) — Ho(X) and the operations of F on these two groups.

By Lemma 2, H,(U — V, X) is isomorphic to the Cech-Dowker group
H (U — X _ ©,V _ «).By Lemma 3, this group is invariant under homotopies
of V o . But a homotopy of L induces a homotopy of V' _ «. Certainly
the boundary homomorphism H(U — V, X) — Hy(X) and the operations of
F on these two groups are also invariant under homotopies of L. Therefore
G/[A] is invariant under homotopies of L.

CASE 2. L has more than one component, but only the i** component is
moved by the homotopy.

Applying Case 1 to the link I; in the manifold M — | L’ | it follows that G/[4,]
is invariant under homotopy of I;. Furthermore it is easily verified that the
kernel A ;[A,]/[A.] of the natural homomorphism G(L)/[4:(L)] — G(L’)/[A.(L’%)]
is invariant, for each j > 7. The commutator subgroup of this kernel is

[4,{4:]/14:] = [A][4./[44).

The product over all j # ¢ of the groups [4,][A4.]/[4.] is just E/[A;]. Therefore
the factor group § = G/E is invariant under homotopy of I; .

Casgk 3. An arbitrary homotopy.

First suppose that, for some subdivision 0 = ¢, < t; < -+ < & = 1 of [0, 1],
the homotopy h. satisfies the following two conditions:

(1) Only one component of the link is moved during each interval [¢; , ;4]

(2) The links hy, , hy, , - - -, hy, are proper.
Then the desired isomorphism is obtained by repeated application of Case 2.
But, with the use of Lemma 1, any homotopy can be approximated by one which
satisfies these conditions. This completes the proof of Theorem 1.

REemARK. The isomorphism which is obtained does not actually depend on the
approximation which is chosen. However the proof of this assertion is somewhat
complicated, and will not be given here.

The meridians to a proper link L are elements of the link group of L, defined
as follows. It will be assumed that M is an orientable manifold, and that fixed
orientations have been chosen for M and C.

Let p(t) be a path leading from the base point 2, to a point p(1) of I;(C), but
not touching L for ¢ < 1. Choose a small neighborhood N of p(1); and form a
closed loop in M — | L | as follows. Traverse the path p from z, to a point in
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N ; then traverse a closed loop in N which has linking number +1 with [,(C) n N
considered as a cycle of (N, N); and return to 2, along p. This defines an ele-
ment «; of G(L) which will be called the 7t meridian of L with respect to the
path p. Making use of the isomorphism A4;(L)/[A4;] = H1(U — V) of Theorem 1,
it is easy to see that a; is unique and well-defined for all sufficiently small neigh-
borhoods N.

Let @: denote the kernel of the natural homomorphism G(L) — g(L". An
element B; of (L") is defined as follows. Traverse the path p from z, to p(1);
then traverse [;(C) in the positive direction; and return to x, along p. This ele-
ment B; corresponds to a coset 8;®@; in G(L). This coset will be called the 7
parallel of L with respect to p.

If the path p is replaced by some other path, then the pair («;, 8:@;) is clearly
replaced by some conjugate pair (A\aA™', ABA Q).

THEOREM 2. The tsomorphism of Theorem 1 preserves the pairs (a;, i1Qy), - - -
(atn 5 BrQr) up to conjugations.

More precisely: if the pair (o; , 8:@:(L)) in G(L) corresponds to (a; , 8:Q:(L))
in G(L’) under the isomorphism, and if (a; , 87 @;(L")) is a meridian and parallel
pair in G(L/), then of = AaA™" and B{@:(L’) = ABA'@i(L') for some A in
G(L"). The proof is easily given: it is only necessary to check this assertion through
each stage of the proof of Theorem 1.

Nearly all of the above considerations can still be carried through if the mani-
fold M is non-orientable. The only change is that it is no longer possible to dis-
tinguish between a; and o7

If L is a polygonal link, then meridians can be defined not only in the link
group, but also in the fundamental group G(L). (A closed loop in M — | L | is
defined just as before. However in this case it represents a well-defined element
of G(L).)

Lemma 4. Let L be a polygonal link, and let a; ¢ G(L) be a meridian to the i
component. Then the normal subgroup generated by a; is A;. For an arbitrary
proper link L, the normal subgroup generated by a meridian a; € G(L) is Q; .

Let N be a smooth tubular neighborhood of 1;(C). The group G(L) can be
persented as the free product of the fundamental groups of N — [;(C) and
M — N — | L |, with relations corresponding to the boundary of N. If the
component [; is removed, the only change is that the relation a; = 1 is added in
the group of N — [,(C). Therefore the kernel of the homomorphism G(L) — G(L")
is the normal subgroup generated by a;. The corresponding assertion for the
link group of an arbitrary link follows immediately, by passing to a polygonal
approximation.

THEOREM 3. Let L be a proper n-link, and let f and f' be closed loopsin M — | L |
with base point xo . If f and f’ represent conjugate elements of the link group G(L),
then the (n + 1)-links (L, f) and (L, f') are homotopic.

It is sufficient to consider the special case in which f and f’ represent the
same element of G. For if hfh ™" is any loop conjugate to f, then the links (L, f)
and (L, hfh™') are clearly homotopic.
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For any closed loop f, and any representative g of [4,], we will show that the
(n + 1)-link (L, fg) is homotopic to (L, f). It will follow by induction that
(L, fg1 -+ g=) is homotopic to (L, f), where g; - - - g, represents any element of
E(L). Thus loops which represent the same element of G give rise to homotopic
(n 4 1)-links. This will complete the proof.

Approximate the maps & , - - - , I, by polygonal maps I3, --- , I, . This can
be done so that the images [3(C), --- , [,(C) and f(C) < g(C) remain disjoint,
and so that g represents an element of [4.(L’)].

Let a; e G(L') be a meridian to the 7* component of L’. By Lemma 4 every
element of 4,(L’) can be written as a product of conjugates of a; and ai'. In
other words every element of A4,(L’) can be written as a product of meridians
and their inverses. Therefore the representative g of [4,(L’)] is homotopic to a
loop (hihohi'hz") - -+ (he_yh, hi21h7"), where the loops hi, -+, h, represent
meridians to the 7** component of L’, corresponding to paths pi, --- , p., or
the inverses of such meridians. By Lemma 1 it may be assumed that the paths
p; are polygonal, and that the images p;([0, 1]) and p:([0, 1]), j # k, have only
the base point in common.

Choose a 3-cell neighborhood of the set p:([0, 1]) < p2([0, 1]). In this neighbor-
hood the configuration shown in Figure 1 will occur. (The heavy lines represent
portions of 1:(C)). Deforming hshohi'hz" and 1:(C) as indicated in Figure 2, the
loop hihehi'hz' can be reduced to a point. It follows by induction that
(L', fhahohT'hs" - -+ he_shh74R7) is homotopic to (I, f). The proof is now com-
pleted by combining the homotopies

(L, fg) ~ (I, fg) ~ (U flabo -+ 171 ~ (L, f) ~ (L, ).

A link will be called -trivial if, for some homotopic link (l;, -+, 1), the set
1:(C) consists of a single point. Combining Theorems 1, 2 and 3, the following
result is obtained.

CoroLLARY 1. LetL = (I, - - -, 1) be a proper link. A closed loopfin M — | L |
represents the identity element of G(L) if and only if the link (i, --- , 1., f) s
(n + 1)-trivial.

This can also be stated as follows.

COROLLARY 2. A link is i-trivial if and only if its it parallel B;Q; is equal to @; .

The proofs are evident.

3. An example

In order to give a concrete geometrical illustration of the preceding theory,
the following theorem will be proved. Results in this section will not be used
in the following sections.

A link is trivial if it is homotopic to some (I3, * -+ , l,,) where the components
13(C) , -+, 1(C) consist of single points. By a knot is meant a proper 1-link,

TrEOREM 4. If a polygonal knot in euclidean space ts replaced by a collection
of parallel knots lying within a tubular neighborhood of the original, and having
linking numbers zero, then the resulting link is trivial.

It is first necessary to make some remarks about the lower central series of a
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group. For any group G, the first lower central subgroup G is the group itself.
The nt lower central subgroup G, is generated by all commutators aba ™" b™" with
aeGandbeG..

; \
/h,h,l,,”/,;’ \ / Q\
/’-/‘7 2a. /'7/ 2b.
=
= / (
a0 s
Fig 2c. Fiyad

Lemma 5. If L vs a proper n-link in euclidean space, then the (n 4+ 1)-st lower
central subgroup Gni1 of G(L) contains only the identity element.”

This is clear for the case n = 0. (The fundamental group of euclidean space
contains only the identity element.) If it has been proved for the case n — 1,

2 Hence G(L) can be considered as a factor group of G(L)/@, . ,(L). This suggests some
connection with the work of K. Chen [1] who has shown that, for a polygonal link L, the
factor groups G(L)/G,(L) are invariants of the isotopy class of L for arbitrary values of the
integer 7.
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then it follows that the nt lower central subgroup of G(L") &~ G(L)/@.(L) con-
tains only the identity element, for each 7. In other words the subgroup G. of
G(L) is contained in each @;. By the definition of the link group, the subgroups
@ are commutative. Since the groups @:, --- , @, generate G, it follows that
elements of G, commute with all elements of G, which proves that Gr.41 = 1.
Let T denote the fundamental group of the complement M — N of the tubular
neighborhood. By the Alexander duality theorem, the abelianized group T/T: =
H,(M — N) is infinite cyclic. It follows that T, = T, forr = 2. For if a; ¢ T
generates T/T., then every element of T can be written in the form aj b with
b € T2. Modulo the subgroup T, all elements of 7' commute with elements of
T, . Since powers of a; commute with each other, it follows that 7/T; is com-
mutative. But this implies that T3 D Ty, hence Ty = Ty = Ty = --- .

CX

Ff, 3

Consider the natural homomorphisms T' — G(L) — G(L). The subgroup
Ty = Ty of T is mapped into the subgroup Gn.41 = 1 of G. This means that a
closed loop in M — N represents the identity element of G(L) whenever it repre-
sents the identity element of T/T. =~ H.(M — N): that is whenever it has
linking number zero with N.

The parallel 8,@; to any component of L can clearly be represented by a loop
in M — N having linking number zero with N. This means that 8.Q: equals
@i, and hence that the link L is ¢-trivial. Since this is true for all values of ¢,
it follows easily that L is trivial.

To conclude this section, a counter-example to a possible generalization of
Theorem 4 will be given. The 2-link illustrated in Figure 3 is clearly trivial. If
each component of this link is replaced by two parallel components, having
linking numbers zero, then the resulting 4-link, illustrated in Figure 4, is not
trivial. This can be proved by the techniques of Section 4. (Compare also Sec-
tion 5.)

4. Trivial links

Consider the following two problems.
(I) To give a general procedure for deciding whether any given link is trivial.
(II) To solve the word problem for the link groups of all trivial links.
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It follows from Corollary 1 that these problems are equivalent: Suppose that
problem (I) has been solved; and Let L be any trivial proper link. Then a loop
fin M — | L | represents the identity element of G(L) if and only if the link
(L, f) is trivial.

Now suppose that (II) has been solved, and suppose by induction that (I)

has been solved for links with n — 1 components. Then a proper link (I;, - - , 1)
is trivial if and only if the sublink (I;, - - - , l._y) is trivial, and the loop I, repre-
sents the identity element of §(l;, - - - , ln1).

It will be shown in this section that problem (II) can be solved whenever the
word problem for the fundamental group F of M can be solved.

For any proper link L let JG(L) denote the integral group ring of G(L). Let
K (L) denote the kernel of the natural homomorphism JG(L) — J G(LY). Sim-
ilarly let %;(L) denote the kernel of the homomorphism JG(L) — JG(LY). The
two-sided ideals K} and %} will be of particular interest.

LemMa 6. The natural homomorphism JG/Ki + --- + K2 — JG/%i +
o 4 X2 is an isomorphism.

The rings JG/K; + -+ + K2 =~ JG/%i + --- + &> will be denoted by
®R(L).

It is evidently sufficient to prove that the subset £ of JG is congruent to the
identity modulo K} + --- 4+ K.. If a and o are elements of A,,
thenaa’ —a — a + 1 = (a — 1)(a’ — 1) is an element of K% . Therefore aa’ =
a+ a — 1= da (mod K%). This means that [4;] = 1 (mod K3); hence

E=1[4)] ---[A) =1 (mod Ki+ --- + K%),

which completes the proof.

Let a; be a meridian to the 7% component of L. An element s of JG is an ex-
pression of the form > e;v;, where the e; are integers and the v; are elements
of . For each such s let a; denote the product

i —1
Hmaie i

Since all conjugates of a; commute, this product is well defined.

LemMA 7. Every element of @;(L) can be written in the form o; with s € JG(L).
Two such elements are equal whenever their exponents are congruent modulo the
ideal %; + (KT + -+ + x35).

By Lemma 4, every element of @;(L) can be written as a product of conju-
gates of a; and «;'. Hence every element of @; can be written in the form o}
with s e JG.

Every element of the ideal &; can be written as a sum of expressions 8 — v
with 8 = v (mod @;). For such an exponent we have

of 7 = BB vai'y " = BaifBai BT = 1 (mod &).

Hence of € @; for all s € X;.
For the special case j = ¢ we have

o7 = BB oy = BB Wiy =1,
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since both 87"y and a; belong to the commutative group @;. Therefore a; = 1
for all s ¢ X;.

Every element of &} can be written as a sum of expressions (8 — v)s with
B = v (mod @;) and s € &;. For such an exponent we have

a7 = Bai(F )iy = BB ale T = 1,

since both o and 8% belong to @; . Therefore af = 1 for all s e X} . It follows
that af = of whenever

s =& (mod X; + (X + --- + x).

Note that the factor ring JG/%; + (X1 + --- 4+ &%) is naturally isomorphic
to ®(L'). Hence the expression o is defined for elements ¢ of ®(LY).

THEOREM 5. For an i-trivial link L, every element of G;(L) can be expressed tn one
and only one way as of with o e{l’»(Li),

The group §(L) and the ring ®(L") will not be changed if L is replaced by some
homotopic link. Therefore, without loss of generality, we may assume that L
is a polygonal link and that its ¢* component is a small unknotted circle. Let N
be a small euclidean neighborhood of this circle, and let G’ be the subgroup of
G(L) generated by all closed loops in M — |L| — N. Then G(L) is the free
product of G’ with the infinite cyclic group generated by a; . (The group G’ is
naturally isomorphic to G(LY)).

Following R. H. Fox [3] we introduce the concept of a derivation in the ring
JG(L). Define the homomorphism 5: JG — J by

n(zefgf) = Zej .

A derivation in J@G is a map D: JG — JG such that

(1) D(a + b) = D(a) + D(b)

(2) D(ab) = D(a)n(b) + aD(b).

In particular the derivation D; is defined by the further conditions

3) Di(g) =0 for g e G’
4) Di(a;) = 1.

Since G(L) is a free product, it is easily shown that there is a unique function
D, which satisfies these conditions.

It will next be proved that Dy(K}) < K? for j 4, and that D«(K})) c K;.
For each j # 4, a j* meridian a; to L can be chosen in the subgroup G’ of G.
It follows from Lemma 4 that every element of K; is a sum of terms bk,c, where
k; = a; — 1. For such a term we have

Di(bkjc) = Di(b)n(kjc) + bDi(k;)n(c) + bk; Di(c) = bk; Di(c) e K,

since 9(k;) = 0 and D.(k;) = 0. Therefore D;(K;) < K;forj # <.
For any b, ¢ ¢ K; we have n(c) = 0, hence

Di(be) = Di(b)n(c) + bDi(c) = bDi(c).
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For j 5 1, since both b and D;(c) are elements of K, this proves that D;(K>) C
K} . Forj = 7 we still have b ¢ K, , which proves that Dy(K?) < K;. Since D;
is an additive homomorphism, it follows that D; induces a homomorphism of
®(L) = JG/Ki + -+ + K into ®(L)) &~ JG/K: + (Ki + --- + K2).

Define the exponential homomorphism ¢: ®R(L") — @:(L) by (¢) = af. We
must prove that the function ¢ is one-one. Let A: @;(L) — ®(L) be the function
which sends each v e @;(L) into v — 1 reduced modulo %} + --- + %%. From
the fact that (a7 — 1) (o] — 1) e X%, it follows that 5™ — 1 = of — 1 +
a7 — 1 (mod %} 4+ -+ + %2), hence A e(c + /) = A (o) + \ (o).

It will now be proved that the composition 6 A ¢ of the maps

RILH S al) D o) S qrh

is the identity map of ®(L’). Since 6 A ¢ is an additive homomorphism, it is
sufficient to verify that 6 A e(y) = v for an element v of ®(L*) which come from
g(L"). Such an element ~ is represented by an element g of G’. The element
Ne(y) = yary™' — 1 of ®R(L) is then represented by gag' — 1 in JG(L), and
the element 6 \ e(y) of ®(L) by Di(gaig" — 1) in JG(L). But

Di(gaig™" — 1) = Di(g)n(aig™ + gDi(a)n(g™) + ga:Di(g™) = g,

since Di(g) = Di(g™") = 0 and D(a;) = n(g™") = 1. This implies that § X e(y) =
v, hence that § X € is the identity map of ®R(L"). It follows that the function &
is one—one. Since ¢ maps ®(L’) onto @;(L) by Lemma 7, this completes the proof
of Theorem 5.

Since 6 A € is an isomorphism and since ¢ is onto, it follows also that A is one-
one. This fact will be used to prove the following theorem.

THEOREM 6. If the link L ts trivial, then the composition of the natural homo-
morphisms G(L) — JG(L) — ®(L) is an isomorphism of G(L) into ®(L).

For the case n = 0 this asserts that the natural map F — JF is an isomorphism
which is clear. Suppose that the case n — 1 has been proved. Consider the mul-
tiplicative homomorphisms

g(L) -2 a(L)

i
(LY 255 R(L);

and let ¥ be any element of G(L) with p(y) = 1. By the induction hypothesis,
p’ is an isomorphism. Since p’7(y) = 7'p(y) = 1, this implies that r(y) = 1, hence
that v € @;(L). Therefore the function A(y) = p(y) — 1 is defined. Since \ is
one-one and since p(y) — 1 = 0, this implies that v = 1, which completes the
proof.

Theorems 5 and 6 suggest the importance of obtaining further information
about the ring ®(L). We will next study this ring for the special case of a trivial
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link. It is evidently sufficient to consider a link L for which each component is a
small unknotted circle, so that G(L) can be presented as a free product.

Suppose that G(L) is the free product of F with the infinite cyclic groups
generated by a1, : - -, a,. Let k; be the element a; — 1 of JG. By a canonical
word of JG will be meant a product of the form @ik ; ik« kjep, p 2 0,
where the ¢, are arbitrary elements of F and the j; are distinct integers between
1 and n. By a canonical sentence of JG will be meant a sum or difference of any
number of canonical words.

TuEOREM 7. Under these conditions, each element of ® = JG/K: + --- + K2
s represented by a unique canonical sentence in JG.

Let 8 be the ring whose elements are canonical sentences of JG, with addition
defined in the ordinary way, but with multiplication defined by the rule

0 if h; =j forsome ¢,7

eokn o1 - - kh,,(sop‘//O)kjl T k:iq‘,’c
otherwise,

(pokn, o1 -+ knyp)oksy =+ kjgg) = {

Using the distributive laws, this multiplication for words extends to a unique
multiplication for arbitrary elements of 8. The associative law for multiplication
is clear.

A homomorphism {: 8§ — ® is obtained by mapping each canonical word
ook, - - ~@p into the actual product gok;, - - - ¢, reduced modulo K3 + --- 4+ K3 .
In order to veryfy that ¢ is a homomorphism, it is only necessary to note that the
identity

(eokny - 0p) Wokjys - ¥g) = 0 (mod Ki + -+ + K3)

holds in JG whenever h; = j; for some 7, ’. Theorem 7 is clearly equivalent to
the proposition that ¢ is an isomorphism of § onto ®.

A homomorphism 6: JG — § is defined by mapping each element ¢ of F into
the canonical word ¢, and mapping each meridian a; into the canonical sentence
1 4+ 1k;1. Since G is a free product, and since the element 1 4 1k;1 of § has an
inverse 1 — 1k;1, this homomorphism is well defined. It clearly maps JG onto 8.
The composition {6 of these two maps is the natural map JG — ®. (It is sufficient
to verify this for elements of F and for the meridians a;). Therefore { maps $§
onto ®; and the kernel of ¢ is the image 6(K: + --- 4+ K2) of the kernel of ¢6.

Every element of the ideal K; is a sum of elements g(a; — 1)¢’. It follows by
direct computation that every element of §(K;) is a sum of canonical words
which contain k; . Since the product of two such words is zero by the definition
of multiplication in 8, this means that 6(K:) = 0. It follows that the kernel
8(K: + --- + K2) of ¢ equals zero, which completes the proof of Theorem 7.

The preceding theorems give two separate solutions to the word problem for
the link group of a trivial link, and therefore to the triviality problem for links.
Using Theorems 6 and 7, each element of G(L) corresponds to a unique element
of ®(L) and therefore to a unique canonical sentence in JG(L). Two elements in
G are equal if and only if their canonical sentences are equal.
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A more efficient solution in practice is the following. Let L, be a trivial n-link,
and let L, be the sublink formed by the first r components of L. Then G(L,—,)
can be considered as a subgroup of G(L,). Furthermore each element of G(L,)
can be expressed uniquely as the product of an element of G(L,_;) with an ele-
ment of @.(L,). By Theorem 5, each element of ®@.(L,) can be expressed uniquely
in the form o;"~! with ¢,_; e ®(L,_;). It follows by induction that each element
of G(L,) can be expressed uniquely in the form

pal0agt + - alnt

with ¢ € F, aoe ®R(Ly) = JF, c1e R(Ly), - - - , 0n_1€ ®R(L,_1). Since the word prob-
lems for these rings are solved by Theorem 7, this gives a second solution to the
word problem for G(Ly,).

To conclude this section, the following theorem will be proved.

TueoreM 8. If G(L) is isomorphic to the group G(L) of a trivial link, in an iso-
morphism which preserves the conjugate classes corresponding to meridians, then
L s trivial.

Let (i, Bi®;) be a meridian and parallel pair in G(L), and let (a;, B.@:) be
the pair in G(IL) which correspond under the isomorphism. Then &; is a meridian
in G(I) (but B:®: is not necessarily a parallel). We may assume that the link L
is polygonal so that [;(C) has a smooth tubular neighborhood. If this neighbor-
hood is orientable, then the identity of™" = Bia87'a;" = 1 holds. This implies
that ;"' = 1, hence by Theorem 5, that B; represents the identity element of
®(L"). It follows by Theorem 6 that B; represents the identity element of G(L"),
hence that B:@; = @;. This implies that 8:@; = @., hence that L is ¢-trivial.
Since this is true for all values of 7, it follows that L is trivial.

If the neighborhood were non-orientable, then the identity of**' = 1 would
hold. This would imply that &t = 1, hence that — B, represented the identity
element of ®(L"). Since this is impossible, the proof is complete.

5. Almost trivial links

Let L be an n-link in euclidean space such that every proper sublink is trivial.
Such links will be called almost trivial. The nt parallel 8,Q,in G(L) corresponds to
an element 8, of G(L™). Since the link L™ is trivial, it follows that 8, ¢ @,_1(L");
hence B, can be written in the form of_, with ¢ e ®(L"™""). Since L’ is trivial
for + < n — 1, it follows that every word of the canonical sentence correspond-
ing to o contains the factor k; . Therefore ¢ can be written uniquely in the form

g = Z #(il e Tpg,n—1 n)kil s kin_z

where the summation extends over all permutations ;- --7,-» of the integers
1,2 -, n — 2

The (n — 2)! integers u(¢; -+ 2,2, n—1 n) are homotopy invariants of L:
By Theorem 2 it is sufficient to prove that they are not altered if each «; and
each 8,Q; is replaced by a conjugate. For ¢ = n this is true since 8, is an element
of the center of the group G(L"). For 7 < n it can be verified by a simple compu-
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tation. On the other hand the homotopy class of L is completely specified by
these integers u. A homotopic link can be constructed from any trivial (n — 1)-
link by adjoining the loop a_y, ¢ = D uks, - - - ki,_, . Thus we have obtained a
complete set of homotopy invariants for almost trivial links in euclidean space.

Every link with two components is almost trivial. The single invariant u(12)
is clearly the linking number: hence the linking number is a complete homotopy
invariant for 2-links. A link with three components is almost trivial if each pair
of components has linking number zero. For such links we again obtain a single
invariant u(1, 23). The case 4 = 1 turns out to be the familiar link illustrated in
Figure 5. Other values of x may be obtained by traversing one component of
this link g times. The case u = 3 is illustrated in Figure 6. For links with four
components we obtain two invariants. For example the link of Figure 4 has in-

3 3
2 /1 2
F/75 Figé

. 1
o - B8

Fig 7

variants u(12, 34) = u(21, 34) = 1. As a final example, Figure 7 illustrates an
n-link with invariants

p(12 ---n—2,n—1n) =

u(ty -+ Ipe, n—1n) = 0 for all other permutations of 1, --- , n — 2.

The behavior of the invariants 4 under simple transformations of the link will
now be discussed. If the orientation of one component of L is reversed, then each
invariant is multiplied by (—1). (Hence if the orientations of twe components
are reversed, then the resulting link is homotopic to the original). If the orienta-
tion of euclidean space is reversed, then each invariant is multiplied by (—1)""".

In order to study the behavior of the invariants under permutation of the com-
ponents of L, it is convenient to put the preceding discussion in the following
more symmetrical form. For any two integers r > s the parallel 8,e G(L*) can
be expressed in the form 8; = ai"*, where the element
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Tr,s = ZIJ«('I:I e 7:”_2 , T S)kil s kin_2

of ®R(L™") is a complete invariant for L. We must now find the relations between
the invariants o, for different values of r and s.

If 8, = [1(v;efv7") then it can be shown by a simple geometric argument that
8. = [1(vi'aliy;). The additive homomorphism Y _ezy; — ey of JG on itself
induces an additive homomorphism w: & — ®. It follows that

1) Gor = @(0rs).
To find the relationship between o, and ¢, it is necessary to solve the equa-
tion 8, = al"* = a}"*. Consider the homomorphisms
QL™ & el D a@h) & qrt

of Theorem 5. From the identities dAei(o:s) = 045 and e(css) = &:(0r.) We
obtain

(2) Ots = 5;)\8,-(0',-,3).

In order to make specific computations, it is necessary to know the effects of
the additive homomorphisms w, 8, , and A&, on canonical words of ®. These are
given as follows

3) (i, -+ ki) = (=1)"ki, - kiy,
{k,-l o ki 0 =T
4) o, (kiy - v+ k) = .
0 otherwise.
The function Ae, can be defined inductively by the rules
(1) =k,
and
5) Ner(biykog -+ 0 kiy) = ki — 7hsy
where

T = )\8,-(]01'2 e kim)-
The composition §;Ae, can now be described by the rule
©) BeNen(hsy -+ ki) = =k Riy_ Nerlhipyy o ki)
where
ip = L.

Some simple examples will illustrate these formulas. For the case n = 2 the
invariant g1z = u(12) is an integer. Therefore u(21) = w(u(12)) = p(12). Thus
the linking number is not changed if the components are interchanged.

For n = 3 theinvariant oy; is of the form uk; . Therefore o3 = w(uk:)) = —uk;
and

o = 0N&(uky) = 81(pkike — phoky) = —pke .
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Thus the invariant g = u(1, 23) is skew-symmetric under permutations of the

components.
For n = 4 the invariant o3 has the form ukik: + u'kok1,
hence
g43 = w(a'34) = #/k1k2 + #k2k1
and

o = Soh&s(os) = —pkiks — p'kiks + p'ksky .

Thus the permutations (34) and (12) replace the invariants (u, u’) by (', u);
while the permutation (23) replaces (u, u’) by (—u — u’, ¢’). This behavior can
also be described by the following symmetry relations:

u(iats , G291) = u(irdy, 9370) = u(ist, G2t3)
p(’iliz 5 7;37:4) + #(7:37:1 y ’i2’£4) + /.t(’iz’i3 5 i1i4) = 0

The complete set of symmetry relations for arbitrary values of » is given by
the rules

(7) /“(7:1 7:2 s in—? ) in—-l zn) = #(in il i2 tee 7:"—3 ’ iﬂ—2 in—l)
(8) /J(il tee ivrjl e jn—v—?s) = (_l)n_yZ#(hl e hn—2 r S),

where the summation is extended over all sets hy - - - hn—s of integers formed by
intermeshing 7; - - - 7, in that order with j,—,_ - - - o1 in that order. (For exam-
ple

w(lr 23s) = u(132rs) + u(312rs) + u(321rs)).

These relations are obtained by manipulation of the formulas (1) through (6).
However the details are too involved to give here.

REMARK. The preceding methods can also be used to define certain “‘self link-
ing numbers”, which are not invariant under homotopy. Let L be a trivial poly-
gonal link, and let L’ be the link obtained by replacing each component of L by
a collection of parallel components having linking numbers zero (compare Section
3). Suppose that L’ is almost trivial. Then the invariants u of L’ may be con-
sidered as describing the self linking of L. For example the link of Figure 3 has
the self linking invariant u(11, 22) = +1.

6. Arbitrary links in euclidean space
The link group of an n-link in euclidean space has the presentation
(@, anfaawarwi’ =1, -, quwpanwy = 1, E = 1),

where «; is a meridian to the 7t component, and where w;isa wordin ey, - - , a.

which represents the corresponding ¢t parallel 8,@; . The symbol “E = 17’ de-

notes the set of relations which specify that conjugates of each a; commute.
It is evidently sufficient to prove this for the special case of a polygonal link.
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We will start with the Wirtinger presentationl3 of the fundamental group G(L).
This presentation is in terms of generators al; ¢ =1, --- ,n;j =1, 7y,
corresponding to the components of the projection of L on a plane, and relations

(1) at = w{}ai:w,-,j
(2) ai = wir, @i Wiy, ,

corresponding to the crossings of the projection. The following set of relations
is clearly equivalent:

’ j+1 —1 -1 —~1 1
1" @i = Wi Wijo1 cc Wi1G Wiy Wi
’ 1 —1 —1 —1 1
(2 ) ;i = Wir; Wir;—1 *°° Wi 10 Wi1 *°° Wiy, -

It is natural to try taking the relations (1’) as definitions of the ai*', j = 1.
The only difficulty which can ocecur is that the word w;;- - -w,; may contain
ai* as a factor. But in the link group G(L), such factors may be cancelled with-
out altering the relation (1’). It follows by an obvious double induction that all
of the @} can be defined in terms of the a;. Furthermore the relations of type
(1”) are completely exhausted during this process. The relations (2°) can be put

in the form
-1 —1
a;wso; w; = 1,

where a; = a} and w; = wqy - - - Wi,,. Since the word w;, = w;y - - - wi,, clearly
represents the 7t parallel 8; @; , this completes the proof.

For example if L is a 2-link with linking number g, then the parallels are repre-
sented by 8; = o5 and 8: = of; hence G(L) has the presentation

B o—1 —pu B -1 —p
(al,ag/alagal Qg = Q010 1 = E = 1)

For a trivial 2-link 1/, every element of G(L’) can be put in the canonical form
obas ™1 where h, 4, j are arbitrary integers. For the link L, the additional rela-
tions anahar'az® = asaliaz'ar* = 1 introduces the single relation wk; = 0 into
this canonical form. (This means that the commutator subgroup of G(L) is a
cyclic group of order | u |.)

A 3-link may be specified by choosing a conjugate class of elements in the link
group of an arbitrary 2-link. An element 83 of this conjugate class has the canoni-
cal form aja;t!, where j is only defined modulo the linking number u(12). The
integers h and 7 are clearly equal to u(13) and u(23). The effect of conjugating
B3 by a1 or as is to replace the integer j by j + 7 or j — h. Hence an arbitrary
3-link is specified by giving the three linking numbers together with the number
7 = w(123) which need only be defined modulo the greatest common divisor
A= (h, 1, u(12)) = (u(13), u(23), u(12)). On the other hand the residue class of
1(123) modulo A is not changed if each meridian and parallel is replaced by a
conjugate. Therefore the three integers p(12), p(13), u(23) together with the
residue class of u(123) mod A give a complete homotopy invariant for 3-links.

3 See for example [4] page 44.
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For a given set of three linking numbers, the number of distinct links which oc-
cur is equal to A, unless A = 0 in which case an infinite number of distinct links
occur. For example for the linking numbers 0, 2, 4 there are two possible links.
The case p(123) = 0 (mod 2) is illustrated in Figure 8; the case u(123) = 1
(mod 2) in Figure 9. The three linking numbers form a complete invariant by
themselves only if they are relatively prime.

The procedures which have been used above to classify special types of links
can be generalized to give a very rough description for arbitrary links in euclidean
space. The general n-link can be built up as follows. Start with any proper loop
I, and adjoin a loop I, = o4™. Then adjoin Iy = of"®a4®™ **®¥*1 Continuing
by induction, for each ¢ < n it is necessary to adjoina loop l; = ai' - - - aii7},
where 7; = > u(hy -+ - h,, ji)ka, - - - kn,; the summation being extended over all
ordered collections A - - - k. of integers between 1 and j — 1. (To make this con-
struction precise it would be necessary to adopt some convention as to how the

(% %

F 1’7 8 /'—17 9

meridians are selected at each stage). Thus in order to specify an n-link it is
sufficient to specify an integer u(j7) for each 2-sublink; an integer u(h, j2) for
each 3-sublink; and in general (m — 2)!integers u(h1- - -hm_s , ji) for each of the

(:Ln> sublinks with m components.

These integers u are not invariants of the link. However let A denote the great-
est common divisor of all integers p(h; * -+ A2, j7) With m < n. Then it can be
proved that the residue classes u(hy - - - h,2, n—1 n) modulo A are actually
homotopy invariants. Thus we have constructed (n — 2)! invariants for L, as
well as similar invariants for all sublinks of L. Unfortunately these invariants
are not strong enough to specify the homotopy class of L. It is to be hoped that
some refinement of the above procedures will yield a complete homotopy classi-
fication of links in euclidean space. But since the present results are not too con-
clusive, and since the proofs are somewhat involved, further details will not be
given.
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7. Arbitrary manifolds

One rather interesting question has not been touched on so far. To each open
3-manifold there has been associated the following structure: To each conjugate
class of elements in the fundamental group F there corresponds the link group
G(l,) together with the preferred class of elements (a;, 8:®;) and the natural
homomorphism G — F. To each conjugate class of elements in each group G(l)
there corresponds a group G(li, l); and so on. The huge collection of groups,
homomorphisms, and preferred elements which results is a topological invariant
of M. To what extent is this structure determined by the usual topological in-
variants, such as the fundamental group and linking invariants?

An example will illustrate this problem. Let M, be the product of a 2-sphere
with a circle, and let M, be the product of an open 2-cell with a circle. Then M,
and M, both have infinite cyclic fundamental groups. Let I, be a closed loop
which generates the fundamental group. For the manifold M; the group G(i1)
is infinite cyclie, while for M, it is free abelian on two generators. This behavior
can occur even for two manifolds having the same homotopy type. In fact let
M;,i{ = 1, 2, be the manifold obtained by removing a single point from M .
Then the link structure of M; is identical with that of M. But the manifolds
M’ and M; have the same homotopy type. (Both manifolds contain, as deforma-
tion retract, the union of a circle and a 2-sphere intersecting in a single point.)

The preceding example suggests the following question. Is the link structure of
a closed 3-manifold completely determined by its homotopy type? (Or more
generally let M be a compact manifold with boundaries B. Is the link structure
of M — B completely determined by the homotopy type of the pair (M, B)?)
The answer to this question would be interesting whether positive or negative.
In one case it would give a topological procedure for distinguishing between
certain closed manifolds of the same homotopy type. In the other case it would
give a non-abelian generalization of the duality theorems for homology groups.

PRINCETON UNIVERSITY

REFERENCES

1. CHEN, Kvo-Tsal, Isotopy invariants of links, Ann. of Math. 56 (1952) pp. 343-353.
2. Fox, R. H., Bull. Amer. Math. Soc. 51 (1945), Abstract 140, pg. 526.

3. Fox, R. H., Free differential calculus, Ann. of Math. 57 (1953) pp. 547-560.

4. REIDEMEISTER, K., Knotentheorie, Julius Springer, Berlin, 1932.



	Article Contents
	p. 177
	p. 178
	p. 179
	p. 180
	p. 181
	p. 182
	p. 183
	p. 184
	p. 185
	p. 186
	p. 187
	p. 188
	p. 189
	p. 190
	p. 191
	p. 192
	p. 193
	p. 194
	p. 195

	Issue Table of Contents
	The Annals of Mathematics, Second Series, Vol. 59, No. 2 (Mar., 1954), pp. 177-356
	Link Groups [pp. 177-195]
	Free Differential Calculus. II: The Isomorphism Problem of Groups [pp. 196-210]
	Dual Presentations of the Group of a Knot [pp. 211-218]
	The Homotopy Theory of Coincidences [pp. 219-226]
	On a Theorem of F. J. Dyson [pp. 227-229]
	Algebraic Properties of the Field in the Relativistic Theory of the Asymmetric Field [pp. 230-244]
	Differential Polynomials and Division Algebras [pp. 245-278]
	Sous-Anneaux Abéliens Maximaux Dans Les Facteurs De Type Fini
[pp. 279-286]
	Homorphisms of Semi-Groups [pp. 287-291]
	Ponicaré-Bendixson Type Theorems for Two-Dimensional Manifolds Different from the Torus
[pp. 292-299]
	The Expansion Theorem For Singular Self-Adjoint Linear Differential Operators [pp. 300-315]
	The One-Quarter Theorem for Mean Inivalent Functions [pp. 316-324]
	An Inversion Formula for Laplace Transforms and Semi-Groups of Linear Operators [pp. 325-356]



